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Abstract. The fusion rings of Wess-Zumino-Witten models are re-examined. Attention is 
drawn to the difference between fusion rings over Z (which are often of greater importance in 
applications) and fusion algebras over C. Complete proofs are given characterising the fusion 
algebras (over C) of the SU (r + 1) and Sp (2r) models in terms of the fusion potentials, and 
it is shown that the analagous potentials cannot describe the fusion algebras of the other 
models. This explains why no other representation-theoretic fusion potentials have been 
found. 

Instead, explicit generators are then constructed for general WZW fusion rings (over 
' Z). The Jacobi- Trudy identity and its Sp (2r) analogue are used to derive the known fusion 

, potentials. This formalism is then extended to the WZW models over the spin groups of odd 

' rank, and explicit presentations of the corresponding fusion rings are given. The analogues 

of the Jacobi- Trudy identity for the spinor representations (for all ranks) are derived for this 
& ' purpose, and may be of independent interest. 

m 
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O ■ 1. Introduction 

The fusion process is a fundamental ingredient in the standard description of all rational 
conformal field theories. Roughly speaking, the fusion coefficient N ab c counts the multiplicity 
with which the family of fields <p c appears in the operator product expansion of a field from 
family <ft a with a field from family 0&. This is succinctly written as a fusion rule: 

0aX0 b = ^K Qfc C c . (1.1) 



This definition makes clear the fact that fusion coefficients are non-negative integers. Of 

H ; 

course, one can define fusion in a more mathematically precise manner in terms of the 
Grothendieck ring of a certain abelian braided monoidal category that appears in the vertex 
operator algebra formulation of conformal field theory. However, we will not have need for 
such sophistication in what follows. For our purposes a fusion ring is defined by Eqn. ([1.1)1 . 
where the coefficients N ab c are explicitly given. 

The standard assumptions and properties of the operator product expansion then trans- 
late into properties of the fusion coefficients. It is convenient to express these in terms of 
matrices N a defined by pM" a ] bc = N afe c . We assume that the identity field is in the the- 
ory; the corresponding family is denoted by 0o, and No is therefore the identity matrix. 
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Commutativity and associativity of the operator product expansion translate into 



N a N 6 = N 6 N a and N a K 6 = ^X ab c X 



c 



respectively. Last, given a family <j) a , there is a unique family a + such that their operator 
product expansions contain fields from the family O with multiplicity one (this is effectively 



denotes transposition. 

These matrices thus form a commuting set of normal matrices, and so may be simultane- 
ously diagonalised by a unitary matrix U. The diagonalisation N C/ = UD a (D a diagonal) 
is equivalent to ^ c 3\f a5 c U cd = U bd X d a ^ where are the eigenvalues of K B . Putting 6 = 
then gives U a d = U d\ d a \ which determines the eigenvalues completely (if U d were to vanish, 
U a d would vanish for all a contradicting unitarity). 

The celebrated Verlinde conjecture [1] identifies the diagonalising matrix U with the S- 
matrix S describing the transformations of the characters of the chiral symmetry algebra 
induced by the modular transformation r i— > — 1/r. This gives a closed expression for the 
fusion coefficients: 



It is worthwhile noting that the Verlinde conjecture has recently been proved for a fairly 
wide class of conformal field theories (in the vertex operator algebra approach) [2]. 

Mathematically, these families with their fusion product define a finitely-generated, as- 
sociative, commutative, unital ring. Moreover, this fusion ring is freely generated as a 
Z- module (abelian group), and possesses a distinguished "basis" in which the structure con- 
stants are all non-negative integers. The matrices Ji a introduced above correspond to this 
basis in the regular representation of the fusion ring. It is often convenient to generalise this 
structure to a fusion algebra (also known as a Verlinde algebra) by allowing coefficients in an 
algebraically closed field, C say. We will denote the fusion ring by 3 rZ , and the corresponding 
fusion algebra (over C) by 3 rC = H 2, ® z C. It is important to note that the structure which 
arises naturally in applications is the fusion ring, and that the fusion algebra is just a useful 
mathematical construct. 

One of the first advantages in considering 5F C is that it contains the elements [3] 



just the normalisation of the two-point function). It follows 1 that 3\f a + 



3\fJ, where 




(1.2) 





b 



Here we are implicitly excluding logarithmic conformal field theories from our considerations. 
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where the sum is over the distinguished basis of 3 rC . A quick calculation shows that the n a 
then form a basis of orthogonal idempotents: 7f a x 717, = 5 a biTb- It follows that there are no 
non-zero nilpotent elements in 9 rC , and hence the same is true for 3®. 

Since the fusion algebra is finitely-generated, associative, and commutative, it may be 
presented as a free polynomial ring (over C) in its generators, modulo an ideal J c . The lack 
of non-trivial nilpotent elements implies that this ideal has the property that whenever some 
positive power of a polynomial belongs to the ideal, so does the polynomial itself. That is, 
the ideal is radical, hence completely determined by the variety of points (in C n ) at which 
every polynomial in the ideal vanishes [4]. This variety will be referred to as the fusion 
variety. 

As 3 rC is a finite-dimensional vector space over C, it follows that the fusion variety consists 
of a finite number of points, one for each basis element [4]. Since the ir a of Eqn. (jl.HJ) form a 
basis of idempotents, they correspond to polynomials which take the values and 1 on the 
fusion variety. Their supports (points of the fusion variety where the representing polynomials 
take value 1) cannot be empty, and their orthogonality ensures that their supports must be 
disjoint. This forces the supports to consist of a single point, different for each n a . We 
denote this point of the fusion variety by v a . It now follows from inverting Eqn. ()1.3j) that 
the polynomial p a representing <p a takes the value a£ = S a b/Sob at v b . 

Suppose now that there is a subset {<j) ai : i — 1, . . . , r} of the <p a which generates the entire 
fusion algebra. If we take the free polynomial ring to be C [0 ai , . . . , (p ar ], then the coordinates 
of the fusion variety are just 

b I b\ ^a,i 

A = P<H (V b ) = ■ 

This proves the following result of Gepner [5] : 

Proposition 1. 9 rC = C [0 ftl , . . . , Qr ] /J c ; where 3 C is the (radical) ideal of polynomials 
vanishing on the points 

S ai b S ar b \ „ r 

~ri ' • • • ' ~c ] 

>J0b ^Ob J 

Notice that this result only characterises the fusion algebra. The fusion ring may likewise 
be represented as a quotient of Z [<p ai , . . . , (p ar \ , where the fusion ideal is given by 3 Z = 
3 c flZ [<fi ai , . . . , (f) ar ] [3] . The fusion ideal over Z thus inherits the property from U c that if 
any integral multiple of a polynomial is in the ideal, then so is the polynomial itself. This 
ensures that the quotient is a free Z-module, as required. By analogy with radical ideals 
(and for wont of a better name), we will refer to ideals with this property as being dividing. 

In this paper, we are interested in the fusion rings of Wess-Zumino-Witten models. These 
are conformal field theories defined on a group manifold G (which we will take to be simply- 
connected, connected, and compact), and parametrised by a positive integer k called the 
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level. Our motivation derives from the determination of the dynamical charge group of a 
certain class of D-brane in these theories. The brane charges [6,7] can be computed explicitly, 
and the order of the charge group can be shown to be constrained by the fusion rules [8,9]. 
A suitably detailed understanding of the structure of the fusion rules therefore makes the 
computation of the charge group possible. This was achieved for the models based on the 
groups G = SU (r + 1) in [9], and the general case in [10]. 

However, the general charge group computations have only been rigorously proved for 
G = SU (r + 1) and 2 Sp(2r), essentially because the detailed structure of the fusion rules 
associated with the other groups is not well understood. The aim of this paper is to re- 
examine the cases which have been described, and try to elucidate a corresponding detailed 
structure in other cases. 

The field families of a \eve\-k Wess-Zumino-Witten model on the group manifold G are 
conveniently labelled by an integrable highest weight representation of the associated un- 
twisted affine Lie algebra g, hence by the projection of the highest weight onto the weight 
space of the horizontal subalgebra q (which will be identified with the Lie algebra of G). In 
other words, the abstract elements naturally appearing in the fusion rules may be identified 
with the integral weights (of g) in the closed fundamental affine alcove. We denote this set 
of weights by P&. In what follows, it will usually prove more useful to regard these weights 
as the integral weights in the open, shifted fundamental alcove. Concretely, 



where P is the weight lattice, cti are the simple roots, 6 denotes the highest root, p the Weyl 
vector, and h v is the dual Coxeter number of q. The inner product on the weight space is 
normalised so that (#, 6) = 2. 

For these Wess-Zumino-Witten models, the Verlinde conjecture was proven in [11-13]. By 
combining this with the Kac-Peterson formula [14] for the Wess-Zumino-Witten S-matrix 
elements, 



weVJ 

(here C (g,k) is a constant and W is the Weyl group of G), one can derive a very useful 
expression for the fusion coefficients, known as the Kac- Walton formula [15-19]: 



P k = {A G P : (A + p, cti) > for all i, and (A + p, 6) < k + h v } , 




(1.4) 




(1.5) 



In this paper we denote by Sp (2r) the (unique up to isomorphism) connected, simply-connected, compact 
Lie group whose Lie algebra is sp (2r) . 
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This formula relates the fusion coefficients to the tensor product multiplicities N x v of the 
irreducible representations of the group G (or its Lie algebra q), via the shifted action of the 
affine Weyl group V\4 at level k, w ■ v = w {y + p) — p. 

The Kac- Walton formula suggests that for Wess-Zumino-Witten models, it may be advan- 
tageous to choose the free polynomial ring appearing in Proposition^ to be the complexified 
representation ring (character ring) of G. The character of the irreducible representation of 
highest weight A is given by 



where Pa is the set of weights of the representation with multiplicity (and the second equality 
is the Weyl character formula). The character ring is freely generated by the characters 
XA t = Xi {i = l;---> r = rank G) of the representations whose highest weights are the 
fundamental weights Aj of G. Gepner's result for Wess-Zumino-Witten models may therefore 
be recast in the form: 

Proposition 2. The fusion algebra of a level-k Wess-Zumino-Witten model is given by 
3^ = C [xi, ■ ■ ■ , Xr) P'kj where 3^ is the (radical) ideal of polynomials vanishing on the 
points 



We will likewise denote a \eve\-k Wess-Zumino-Witten fusion ring by and the corre- 
sponding fusion ideal of Z [xi, ■ ■ ■ , Xr] by Jf . 

We are interested in explicit sets of generators for these fusion ideals (over C and Z). 
Given a candidate set of elements in Jjr, the verification that this set is generating may be 
broken down into three parts: First, one checks that each element vanishes on the fusion 
variety. Second, one must show that these elements do not collectively vanish anywhere else. 
Third, the ideal generated by this candidate set must be verified to be radical. This last step 
is always necessary because there is generically an infinite number of ideals corresponding to 
a given variety (consider the ideals (x n ) C C [x] which all vanish precisely at the origin). It 
should be clear that verifying radicality does not consist of the trivial task of checking that 
the candidate generating set contains no powers of polynomials (consider (x 2 + y 2 , 2xy) C 



For the SU (r + 1) and Sp (2r) fusion algebras, generating sets for have been postulated 
in [5,20,21] as the partial derivatives of a fusion potential. The first step of the verification 
process is well-documented there, the second step appears somewhat sketchy, and the third 
does not seem to have appeared in the literature at all. We rectify this in Section 121 The 
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methods we employ are then used to show why analogous potentials have not been found 
for the other groups, despite several attempts [22,23]. 

However, we would like to repeat our claim that it is the fusion ring which is of physical 
interest in applications, and the above verification process does not allow us to conclude that 
a set of elements is generating over Z. In other words, a set of generators for need not form 
a generating set for Jf , even if the set consists of polynomials with integral coefficients (a 
simple example would be if 3^ = (x + y, x — y) C C [x, y] then Jf ^ (x + y, x — y) C Z [x, y] 
as this latter ideal is not dividing). This consideration also seems to have been overlooked in 
the literature, and is, in our opinion, quite a serious omission. We will rectify this situation 
in Section El by removing the need to postulate a candidate set of generators; instead, we 
shall derive generating sets ah initio. 

In the cases G = SU (r + 1) and Sp (2r), some simple manipulations will allow us to reduce 
the number of generators in these sets drastically. We will see that these manipulations 
reproduce the aforementioned fusion potentials. Our results therefore constitute the first 
complete derivation of this description from first principles, and we emphasise that this 
derivation holds over Z. The results to this point have already been detailed in [24]. We 
then detail the analagous manipulations for Spin (2r + 1) in Section^ producing a relatively 
small set of explicit generators for the corresponding fusion ideal. It is not clear to us 
whether these generators are related to a description by fusion potentials. The manipulations 
essentially rely upon the application of a class of identities generalising the classical Jacobi- 
Trudy identity (which we will collectively refer to as Jacobi- Trudy identities). Many of these 
are well-known [25], but we were unable to find identities for spinor representations in the 
literature, so we include derivations in Appendix El We also include the corresponding 
identities for Spin (2r), as they may be of independent interest. 

2. Presentations of Fusion Algebras 

In this section, we consider the description of the fusion ideals by fusion potentials. 
We introduce the potentials for the Wess-Zumino-Witten models over the groups SU (r + 1) 
and Sp(2r), and verify that the induced ideals vanish precisely on the fusion variety, and 
are radical. We then investigate the obvious class of analogous potentials for Wess-Zumino- 
Witten models over other groups, and show that in these cases, no potential in this class 
correctly describes the fusion algebra. Readers that are only interested in fusion rings and 
presentations of the ideals Jf should skip to Section El 

2.1. Fusion Potentials. For Wess-Zumino-Witten models over SU (r + 1) and Sp (2r), the 
fusion ideal is supposed to be generated by the partial derivatives (with respect to the 
characters Xi °f the fundamental representations) of a single polynomial, called the fusion 
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potential. At level k, [5] gives the SU (r + l)-potential as 



Vk+r+l (Xi, • • • , Xr) 



k + r + 



j r+1 

i=l 



fc+r+1 



(2.1) 



where the % are the (formal) exponentials of the weights E{ of the defining representation 
(whose character is xi)- Note that q± - ■ ■ q r +i = 1. The are permuted by the Weyl group 
W = S r+ i of SU (r + 1), and W acts analogously on the Therefore, Vk+ r +\ is clearly 
W-invariant, hence is indeed a polynomial in the Xi [26]. 
The level-/c Sp (2r)-potential is given in [20,21] as 



Vk+r+l (Xl, • • • ,Xr 



k + 



1 r 

i=i 



]■ 



(2.2) 



where the ^ and q~ l refer to the (formal) exponentials of the weights ±£j of the defining 
representation of Sp (2r) (whose character is again xi)- The Weyl group W = S r K Z£ acts 
on the £j by permutation (S r ) and negation (each Z 2 sends one £j to — ei whilst leaving the 
others invariant). We see again that the given potential is a W-invariant, hence a polynomial 
in the Xi- 

These potentials are obviously best handled with generating functions. We also note that 
these potentials may be unified as 



Vi 



(Xl, • • • ; Xr) £ ^ v X/ g( + ^' 



(2.3) 



where P\ denotes the set of weights of the irreducible representation of highest weight A. 
Putting this form into a generating function (and dropping the explicit x% dependence) gives 



V(t) = Y,(-V m ~ 1 V m t m = log 



m=l 



n ( i+e ^) 



This generating function may therefore be expressed in terms of the characters of the exterior 
powers of the defining representation. These exterior powers are well-known [27], and give 

"r+1 



SU(r+ 1): 
where Xo = Xr+i = 1, and 
Sp(2r): 



V it) = log 



5>»f B 



V (t) = log 



n=0 



r-1 



(2.4) 



£ E n (t n + t 2r ' n ) + E r t r 



n=0 



(2.5) 



where xo = 1, Xn = for all n < 0, and £ n = x« + Xn-2 + Xn-A + ■ 
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At this point it should be mentioned that there is an explicit construction for arbitrary 
rational conformal field theories [28], which determines a function whose derivatives vanish 
on the fusion variety. This construction, however, requires an explicit knowledge of the S- 
matrix elements, and is quite unwieldy (as compared with the above potentials). Indeed, 
it also seems to possess significant ambiguities, and it is not clear how to fix this so as to 
find a potential with a representation-theoretic interpretation. In any case, it also appears 
to be difficult to determine if these ideals thus obtained are radical or dividing, so we will 
not consider this construction any further. There is also a paper [22] postulating simple 
potentials for every Wess-Zumino-Witten model, similar in form to those of Eqns. ()2.1|) and 
()2.2|) . But, as pointed out in [23], the partial derivatives of the potentials given do not always 
vanish on the fusion variety, and so cannot generate the fusion ideal. In [23] , fusion potentials 
are presented for rings related to the fusion rings of the Wess-Zumino-Witten models over 
the special orthogonal groups. Unfortunately, their method fails to give the fusion rings for 
the special orthogonal groups. We will see in in Section |2~3*1 why this is the case. 

2.2. Verification. Let us first establish that the ideals defined by the potentials given in 
Eqns. (12.1)1 and ()2.2|1 vanish on their respective fusion varieties. From Proposition El the 
points of the fusion variety have coordinates 



where the second equality follows readily from Weyl's character formula and Eqn. (jl.4j) . It 
follows that the fusion potentials should have critical points precisely when the characters 
are evaluated at £\ = —2m (A + p) / (k + h v ), for A G Pk- In fact, the functions H\ defined 



are invariant under the shifted action of the affine Weyl group W^. Thus, the potentials 
should have critical points when evaluated at Xi = H i (<V)i f° r an y £ P which is not on a 
shifted alcove boundary. 

We denote the gradient operations with respect to the fundamental characters x% an d the 
Dynkin labels A.,- by V x and Va respectively, and the jacobian matrix of the functions 
with respect to the Xj by J. From the chain rule, it follows that if the potential has a 
critical point with respect to A at which J is non-singular, then this is also a critical point 
with respect to the fundamental characters. It is therefore necessary to determine when J 
becomes singular. 




by 
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Explicit calculation shows that the jacobian, as a function on the weight space, satisfies 

J(w(u)) = J(v)w, (2.6) 

hence det J is anti-invariant under the Weyl group W (here, w on the right hand side refers 
to the matrix representation of w with respect to the basis of fundamental weights). It is 
therefore a multiple of the primitive anti- invariant element [26], and by comparing leading 
terms, we arrive at 



where Q v is the coroot lattice and A + are the positive roots of q (explicit details may be 
found in [24]). Evaluating at — 27ri (A + p) / (k + h v ), it follows that the jacobian is singular 
precisely when 

(a,X + p)~ 



n 



sin 



71" - 



k + h x 



0. 



That is, when A is on the boundary of a shifted affine alcove. Therefore, these boundaries 
are the only places where a potential may have critical points with respect to A which need 
not be critical points with respect to the Xi- 

Evaluating the potentials, Eqn. (|2.H|) . as above gives 

W (X! (A) , . . . , x r (A)) = e- 2 ^ x+ ^ = xi (-27U (A + p)) . 

Note that the level dependence becomes quite trivial. We now determine the critical points 
of these potentials with respect to the Dynkin labels Xj. 

Sp(2r): The 2r weights of the defining representation are the Ej and their negatives. 
The potentials therefore take the form 

w (- 27ri ^^) = cos t 27r fo> A + p)\ ■ 

Critical points therefore occur when 

r 

^(A^Osin [2vr (e^X + p)] = 0, 
i=i 

for each i = 1, . . . , r. The (Aj, Ej) form the entries of a square matrix which is easily 
seen to be invertible, as Ej = ~ [a- + . . . + ct^) [26]. We therefore have critical points 
precisely when 

sin [2tt (Ej, X + p)] = sin [tc (Xj + pj + . . . + X r + p r )\ = 0, 
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for all j = 1, . . . , r. It follows that Xj + . . . + X r £ Z for each j = 1, . . . , r, hence 
A £ P. 

SU (r + 1): In this case, the r + 1 weights of the defining representation are the Ej, but 
we have the constraint S\ + . . . + e r+ \ = 0. Finding the critical points on the weight 
space is a constrained optimisation problem in W +l , so we add a Lagrange multiplier 
Q to the potential: 

W (-2ni^±f\ = ]T e -^,A +P ) + Q (A) £i + + £r+i) 

' i=i 

It is now straightforward to show that the critical points are again A £ P, so we leave 
this as an exercise for the reader. 



So, for both SU (r + 1) and Sp (2r), the critical points with respect to A of the potentials 
of Eqn. ()2.3)1 coincide with the weight lattice P. Every integral weight which is not on a 
shifted affine alcove boundary therefore corresponds to a critical point with respect to the 
fundamental characters (since J is non-singular there). To conclude that the critical points 
of the potentials coincide with the points of the corresponding fusion varieties, we therefore 
need to exclude the possibility that an integral weight on a shifted affine alcove boundary can 
correspond to a critical point with respect to the fundamental characters. This follows readily 
from a study of the determinant of the hessian matrix H\ = ^ ) °^ ^ ne potentials a t 

these points, whose computation we now turn to. 



SU (r + 1): Here (indeed, for any simply-laced group), P coincides with the dual of 
the root lattice. Thus, A £ P implies that (/i, A + p) = (Ai, A + p) (mod 1) for all 
p £ P\ 1 . It follows that 

-4tt 2 



(^a)^ = — £ (p,A J )(p,A J )e- 2 -( 



i(^,A+p) 

Att 2 

^(A^)^ (A . A . } 



k + h V 

where /ai is the Dynkin index of the irreducible representation of highest weight Ai. 
Thus, 



when A £ P. 

Sp (2r): The weights of P Al take the form ±e t = ±§ (c$ + . . . + a%), for t = 1, 2, 

so (e£, Ai) (ee,Aj) = \ if i ^ I and j ^ £, and otherwise. Computing the hessian as 
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before gives 

_2 7r 2 min {*j} 

^^ = ^T^ 2 cos[7r(A, + ... + A r + r-£+l)]. 

£=1 

Elementary row operations now suffice to compute 

(2^2 \ r r 

so again det H x ^ on the weight lattice. 

Denote the hessian matrix with respect to the Xi °f the potentials by if x . Then, from 

d 2 Vfc+h v = <9x s d 2 V k+h v dxt | ^Vfc+h v d 2 xe 
dXidXj ^ dXi dxsdxt dXj ^ d\i dXidXj ' 

we see that 

H\ = J T H X J when V x V fc+h v = 0. 
It follows that at the critical points of the potential with respect to the Xii 

det H x = (det J) 2 det H x . (2.7) 

Now, we have just demonstrated that det H\ ^ on the weight lattice, but we know that 
det J = on the shifted affine alcove boundaries. As det H x is a polynomial (hence finite- 
valued), this forces the conclusion that any integral weight lying on a shifted affine alcove 
boundary is not a critical point of the potential with respect to the x%- Of course, this is 
exactly what we wanted to show. 

To summarise, we have shown that the ideal generated by the derivatives of the potentials 
given in Eqns. ()2.1)1 and ()2.2j) vanishes precisely on the fusion variety. To complete the 
proof (over C) that these potentials describe the fusion ideal J^, we need to show that 
this ideal is radical. Happily, this follows immediately from Eqn. (j2.7J) and some standard 
multiplicity theory, specifically the theory of Milnor numbers [29,30]: The ideal generated 
by the derivatives of a potential is radical if and only if the hessian of the potential is non- 
singular at each point of the corresponding (zero-dimensional) variety. Since H\ and J are 
non-singular at the points of the fusion variety, H x is non-singular there by Eqn. (J2.7)) . and 
we are done. The ideals are radical, so the potentials given by Eqns. (|2.1j) and ()2.2j) correctly 
describe the fusion algebras of SU (r + 1) and Sp (2r) (respectively). 

2.3. A Class of Candidate Potentials. In searching for fusion potentials appropriate 
for the Wess-Zumino-Witten models over the other (simply-connected) simple groups G, an 
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obvious class of potentials to consider is those of the form (compare Eqn. (|2.3jl ) 



Vk+hV ~ k + 



^vE e(WV)M ( 2 - 8 ) 

Here, T is a finite W-invariant set of integral weights. This ensures that these potentials are 
polynomials in the fundamental characters with rational coefficients. Indeed, the derivatives 
of such polynomials have integral coefficients, as may be seen by differentiating the generating 
function 

oo 

v r (t) = J2(- i r~ 1 v^ = io g 

m=l 

In this section, we will show (with the aid of an example) that the fusion algebra of these 
other Wess-Zumino-Witten models is not described by potentials from this class 3 . For our 
example, we choose the exceptional group G 2 because its weight space is easily visualised. 
Specifically, we consider the two potentials obtained from Eqn. (|2.8jl by taking V to be the 
Weyl orbit W (Aj) of a fundamental weight. One might prefer to take the potentials based on 
the weights of the fundamental representations, but this leads to more difficult computations. 

As in Section E21 we evaluate these potentials on the weight space (at It is extremely 
important to realise that as functions on the weight space, the potentials are invariant un- 
der the shifted action of the affine Weyl groups V\4 for all k (because the level dependence 
is essentially trivial). We can therefore restrict to computing the critical points in a fun- 
damental alcove at (effective) level k = k + h v = 1 (a truly fundamental domain for the 
periodicity of the potentials). The results are shown in Figure H If is immediately evident 
that in contrast with the SU (r + 1) and Sp (2r) fusion potentials, these G 2 potentials have 
critical points (with respect to the Dynkin labels Aj) which include, but are not limited to, 
the weight lattice. 

These non-integral critical points are the crux of the matter. When these critical points lie 
on a shifted (level-fc) alcove boundary, we saw in Section l2~2*l that they need not correspond to 
genuine critical points (with respect to the fundamental characters). However, any critical 
point in the interior of a shifted alcove is necessarily a critical point with respect to the 
fundamental characters, and Gepner's characterisation of the fusion variety requires these 
to be integral. Unfortunately, at any given level k > 0, the invariance of the critical points 
under W^/ for all k' means that there will always be non-integral critical points in the interior 
of the alcoves (for k sufficiently large). This is illustrated in Figure|2]for the potential y^ Al ^ 



3 To be precise, we will prove that the potential cannot take the form of Eqn. Ij2.8|l for all levels, unless G is 
SU(r+l) or Sp(2r). 
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t/W(Ai) T/ W(A 2 ) 
Vm V m 




Figure 1. The (shifted) critical points A + p of the potentials V k+h v and 

V fc V ^ 2 ' ) for G2 as a function of the weight space. (Our convention is that Ai is 
the highest weight of the adjoint representation.) 



Ai 




Figure 2. The critical points A of the potential V fc+h v for G2 in the shifted 
fundamental alcove at level k — 1. The white points denote those in the 
interior which do not belong to the weight lattice. 

(corresponding to level k — 1). It follows that the potentials based on the Weyl orbits of the 
G2 fundamental weights do not describe the fusion variety. 

We can, of course, consider potentials V£ +h v based on more complicated W-invariant sets 
T. However, when evaluating on the weight space, any such potential is just a W-invariant 
linear combination of formal exponentials of integral weights, and so is a polynomial in 
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the potentials V^!^/ and V^£? considered before. It follows now from the chain rule for 
differentiation that if A + p is a common critical point of all the VJ^jjjy , then it is also a 
critical point of V^\_ h v . From Figure [H we see that any potential V£ +h y for G2 will have 
critical points at non-integral weights, and so will not correctly describe the fusion variety. 

The situation is similarly bleak for the other simple groups because any potential of the 
form V fc r ) _ h v will have (shifted) critical points at the vertices of the affine alcoves (at all levels). 
We will demonstrate this claim shortly. What it implies is that the only time a potential 
of this form stands of chance of describing the fusion variety is when the alcove vertices are 
integral (at all levels). This only happens when the comarks of the Lie group are all unity, 
which is only the case for G = SU (r + 1) and Sp (2r). 

Let us finish with the promised demonstration. Our earlier remarks show that it is suf- 
ficient to consider the potentials Vm A % i = 1, . . . ,r. We will show that these always have 
critical points (with respect to A) when A + p is the vertex of an affine alcove. Identifying m 
with k + h v , the condition for V m Ai to have a critical point is just that ( — 27ri (A + p)) =0 
for each j. We therefore need to show that J {—2-k'xv) = whenever v is an alcove vertex. 

We rewrite Eqn. (12 .6j) in terms of the i th row of J, V \X-i- 

VxXi (-2n\w {v)) = VxXi (-27TU/) w. 

Here w (on the right hand side) denotes the matrix representing w with respect to the basis 
of fundamental weights. We will treat the row vector V\Xi {— 2itw) as an element of the 
dual of the weight space (the Cartan subalgebra). 

We can also restrict our attention to the fundamental alcove vertices, by W-invariance of 
the characters. If u = 0, then v is fixed by every w G W, so V\Xi {—2ttw) is a row vector 
fixed by every w G W. Thus, V\Xi (0) is the zero vector (for each i), verifying our claim for 
this vertex (and its W-images). 

The other fundamental alcove vertices have the form v = Aj/aJ, where a J is the j th comark 
of g. As v is invariant under all the simple Weyl reflections except Wj, V '\Xi (—2iiw) is also 
invariant under all these simple reflections, hence VaX« (— 27riz/) is orthogonal to every simple 
root except otj. But, v is fixed by the affine reflection about the hyperplane (p,, 6) = 1. This 
reflection has the form w (p) = wg (p) + 9, where We G W is the Weyl reflection associated 
with the highest root 9. Hence, using the invariance of the characters under translations in 

Q v , 

\/ xX i (-2niis) = WxXi (-2vri (w e (y) + 9)) = VxXi (-2niwe (u)) = VxXi (-2ttu/) w . 

It follows now that V\Xi {—2ttw) is also orthogonal to 9. But, 9 and the simple roots, 
excepting ctj, together constitute a basis of the weight space (as the mark aj never vanishes). 
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Thus, V\Xi (— 27riz/) is again the zero vector, verifying our claim for all the vertices of the 
fundamental alcove. 

3. PRESENTATIONS OF FUSION RINGS 

We now turn to the study of fusion rings over Z. Given the results of Section 12.31 we 
introduce a characterisation of the fusion ideal Jf for general Wess-Zumino-Witten models 
which makes no mention of potentials. We then analyse this characterisation in the cases 
of SU (r + 1) and Sp(2r), and show that it can be reduced to recover the potentials of 
Eqns. (J2.1j) and (j2.2j) . We would like to emphasise that this constitutes a derivation of these 
fusion potentials over Z, and not an a posteriori verification over C. In Section we will 
apply this reduction to Spin (2r + 1). 

3.1. A General Characterisation. We begin with the simple observation that given any 
weight A and w G W^, we have 

Xx-detwxw-xe Jf. (3.1) 

(The definition of character has been extended to non-dominant weights by Weyl's character 
formula.) This follows easily from Gepner's characterisation of the fusion algebra, Proposi- 
tion El (and the remarks which follow it). Since the fusion ideal is dividing (Section Q), it 
follows that xx £ whenever A is on a shifted affine alcove boundary. 

Let L\ denote the irreducible representation of G of highest weight A. Letting Aj denote 
the Dynkin labels of the weight A, it follows from the familiar properties of the representation 
ring that A is the highest weight of the representation L® Al ® ■ ■ ■ ® L® Ar . As a polynomial 
in the character ring, Z [xi, ■ ■ ■ , Xr\, we see that the character xx has the form 

Xx = Xi 1 ---xt r 

where the omitted terms correspond, in a sense, to lower weights which we regard as being of 
lesser importance. Our strategy now is to make this lack of importance precise by introducing 
a monomial ordering on the character ring such that the leading term (lt) of xx is precisely 
LT (Xx) = Xi 1 ' ' " Xr r ■ Of course, we are studying fusion, so we also want to assign (relative) 
importance to characters according to whether the associated weight is on a shifted affine 
alcove boundary or not. In particular, we should distinguish weights on the boundary (A, 6) = 
k + 1 from those inside the fundamental alcove (A, 9) ^ k. 

Happily, these requirements can both be satisfied by defining a monomial ordering -< on 
the character ring, Z [xi, ■ • • , Xr], by 

Xi 1 ■ ■ ■ Xr r ~< Xx ■ ■ ■ Xr T if and only if 
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(A,0)<OM), or 

(A, 0) = (ji, 9) and (A, p) < (ji, p) , or 

(\,9) = (ji,e) and (\,p) = (jjL,p) and Xi 1 • • • Xr r -<' xf • • • X? r , 

where -<' is any other monomial ordering, lexicographic for definiteness. This is an example 
of a weight order [4] (and is therefore a genuine monomial ordering). 

We demonstrate that lt (xa) is indeed Xi 1 • • • Xr r ■ This proceeds inductively on the height, 
as it is obvious when A is zero or a fundamental weight. We decompose L® Al <g> • • • <g> Lf^ r 
into irreducible representations, so that 

Xi 1 ■■■Xr r = Xx + ^c^Xn, 

where the p are all of lower height than A: (p, p) < (A, p). By induction, LT (xa) is the 
greatest (under -<) of Xi 1 ■ ■ • Xr r an d the monomials — c^Xi 1 • • - Xr r - Now, since each p is 
a weight of L®^ 1 ® ■ ■ - ® -^f^ r ' At = A — Y2i m i a ii where the to» are non-negative integers. 
It follows that (/x, 0) ^ (A, 9) since the Dynkin labels of 9 are never negative. But, in the 
definition of -<, ties in (-,6) are broken by height, hence Xi 1 • ■ • Xr r i s the greatest of the 
monomials (under -<) as required. 

Consider now the ideal (lt (Jf)) generated by the leading terms (with respect to -<) 
of the polynomials in the fusion ideal. Since the fusion ring is freely generated (as a Z- 
module) by (the cosets of) the characters of the weights in P fc , the leading terms Xi 1 • • • Xr r > 
with (A, 9) k must be the only monomials not in (lt (Jf))- That is, (lt (Jf)) is freely 
generated as an abelian group by the set of monomials M = {xi 1 • • • Xr r '■ (A, 6 1 ) > A;}. 

As an ideal, it is now easy to see that (lt (jf ) \ is generated by the atomic monomials of M, 
where the atomic monomials are defined to be those which cannot be expressed as the product 
of a fundamental character and a monomial from M. Equivalently, atomic monomials are 
those corresponding to weights from which one cannot subtract any fundamental weight and 
still remain in the set of weights corresponding to M. 

It should be clear that every weight A with (A, 9) = k + 1 corresponds to an atomic 
monomial. In fact, for SU (r + 1) and Sp(2r), these are all the atomic monomials, as the 
comarks are a( — 1 (so if (p,9) > k + 1, one can always subtract a fundamental weight 
from p yet remain in M). For other groups, it will generally be necessary to include other 
monomials. For example, = 2 for G2, so it follows that when the level k is even, the 
monomial Xi +2 ^ 2 is & l so atomic (this is illustrated in Figure EJ). 

Let Xi 1 ' ' ' Xr r be an atomic monomial of M. If the associated weight A is on a shifted 
affine alcove boundary, we associate to this atomic monomial the polynomial p\ = xx £ • 




Figure 3. The weights corresponding to the atomic monomials for the ideal 
(lt uJf)) associated with G2 at even and odd level. Weights corresponding to 
monomials in the ideal are grey or black, the latter corresponding to atomic 
monomials. The arrows indicate the effect of multiplying by xi an d X2- 

If not, we use Eqn. ()3.1|) to reflect A into the fundamental affine alcove, and take p\ = 
Xx — detw Xw-\ £ Jf- In either case, we have constructed a p\ in the fusion ideal whose 
leading term with respect to -< is X1 1 • ■ ~Xr r - Therefore, 

<lt ) = (atomic X1 1 ■ ■ ■ Xr r m M) 

= (lt (px) : A is associated to an atomic monomial in M) . 

But, this is exactly the definition of a Grobner basis for Jf [4,29]. 

Proposition 3. The polynomials p\ constructed above for each weight A associated to an 
atomic monomial o/M = [xi 1 ' ' " Xr r '■ (\ ®) > ^} form a Grobner basis for the fusion ideal 
Jf 7 with respect to the monomial ordering -<. That is, 

3fc = (px '■ A is associated to an atomic monomial in M) . 

Note the crucial, but subtle, role played by the monomial ordering -<. Note also that 
because the Grobner basis given has elements whose leading coefficient is unity, this presen- 
tation shows explicitly that the fusion ideal is dividing. Whilst this presentation has a nice 
Lie-theoretic interpretation, it is rather more cumbersome than we would wish for. Indeed, 
a presentation in terms of a potential would give a set of r = rank G generators for the 
fusion ideal (at every level k), whereas Proposition El gives a set whose cardinality is of the 
order of k r ~ l . We will therefore indicate in what follows how one can reduce the number of 
generators to something a bit more manageable (at least for the classical groups). 

3.2. Deriving Fusion Potentials. We will begin with the case of SU (r + 1). As noted 
in Section 13.11 the atomic monomials of M = {xi 1 • • • Xr r '■ (\ @) > ^} are precisely those 
corresponding to weights A with (A, 6) = k + 1. It follows from Proposition El that 

t = (Xx: (X,0) = k + 1). 
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The highest root has the form = e\ — e r +i, so for these weights, k + 1 = (A, 0) = A 1 — A r+1 = 
A 1 . Here, we write A = Y7j=\ ^ £ j, an d fi x the ambiguity corresponding to Y7j=\ £ j — by 
setting A r+1 = 0. We emphasise that the A J are not to be confused with the Dynkin labels 
X r 

We now use the Jacobi-Trudy identity, Eqn. (jA.3|) . to decompose these generators of the 
fusion ideal into complete symmetric polynomials (denoted by H m ) in the q^. We have 



Xx 



H X 2 



H\ r -r+l 

H\r- r + 2 



Hk+i 

Hk+2 



H X 2 



H 



fc+r 



H x ^ 



r-2 



H\r- r+ l 
H\r- r + 2 

H\r 



H\l+r-l H X 2 +r _ 2 ■ ■ ■ H X r 

Since H m = XmAi G Z [xi, ■ ■ ■ , Xr}-, expanding this determinant down the first column gives x\ 
as a Z [xi, ■ ■ ■ , Xr]-h n ear combination of the H k+i = X(k+i)Ai, where i — 1, . . . , r. Therefore, 

l,...,r). 



,X(k+i)A 1 ■ I 



Conversely, we show that each (& + i) A±, % — 1, . . . , r, is on a shifted affine alcove boundary, 
hence is fixed by an affine reflection w, and thus that X(k+i)Ai i s i n the fusion ideal. This 
amounts to verifying that ((k + i) Ai, a) G (k + h v ) Z for some root a, and the reader can 
easily check that a = e-y — e r+ 2-i works. We have therefore demonstrated that 



,X(k+i)A 1 ■ I 



(3.2) 



It is rather pleasing that such a simple device can reduce the number of generators from 
(the order of) k r ~ 1 to r. Before turning to the integration of these generators to a potential, 
we would like to mention one further observation that may be of interest. We consider the 
characters XkAi+Ai, where i = 1, . . . ,r. Expanding with the Jacobi-Trudy identity, we find 
that 

XfeAi+Ai = H k+ i 

XfcAi+A 2 = HiH k+ x — H k+2 

XfeAi+A 3 = [Hi — H 2 ) H k+ i — HiH k+2 + H k+i 

XfcAi+A 4 = (Hi — 2HiH 2 + H 3 ) H k+ i — [Hi — H 2 ) H k+2 + H 1 H k+3 — H k+i 
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We call this the method of 1 's due to the line of l's which appear off-diagonal in the Jacobi- 
Trudy expansion of these characters. These equations show (inductively) that there is an- 
other simple generating set for the fusion ideal: 

ll = (XkAi+At - i = l,-..,r). 

This generating set is suggested by the computations of [9] (though not explicitly stated 
there) on the corresponding brane charge groups 4 . Note that this set has the nice property 
of consisting entirely of characters x\ with (A, 6) = k + 1. 

We now turn to the derivation of the fusion potential, Eqn. (|2.1|) . Let E n denote the n th ele- 
mentary symmetric polynomial in the From the identity J2m H m t m = [ J2 n ( — -0" E n t n ] , 
we can derive 

^ = (-l) J+1 E^^- ( 3 - 3 ) 

^ n 

For SU (r + 1), Ej = Xj = Xa 3 for j = 1, . . . , r, so we see that 

9Xj 



' — 7h7. — ~ ^ ) 2^ Hnhk + hV - i -^- n 



is symmetric in i and j. Therefore, J2i (~ l) i_1 H k+h v _jdx« is a closed 1-form, hence integrates 
to a potential V k+h v (there is no topology). 

We can compute this potential using generating functions. If V (t) = J2 m (— l) m_1 V m t m , 
then 

dV (t) 



dXi 



E/_ 1 yn+i tt + m _ h _ b 



1 + Xlt + ■ ■ ■ + Xrt r + t r+1 

V(t)= log [1 + xit + . . . + xX + f +l ] , 

up to a constant. This is of course Eqn. (|2.4jl . from which one can easily recover the fusion 
potential, Eqn. (j2.1|) . 

We would like to emphasise once again that not only have we given a complete derivation 
of the fusion potential for the SU (r + 1) Wess-Zumino-Witten models, but we have shown 
that this potential describes the fusion process over Z, rather than just over C. 



To elaborate somewhat, the authors of [9] computed the brane charge group of the level k SU (r + 1) Wess- 
Zumino-Witten model from the greatest common divisor of the dimensions of the irreducible representations 
of highest weight fcAi + Aj, i = 1, . . . , r. In [10], the brane charge group was shown to be determined by the 
greatest common divisor of the dimensions of any set of generators of the ideal J? of the fusion ring. This 
suggests that the XfcAi+A; are such a set of generators, and here we have given a simple proof of this fact. 
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Consider now the fusion ring for Sp (2r). As before, Proposition El gives the characters x\ 
with (A, 6) = k + 1 as a set of generators for the fusion ideal, Jf . The highest root is 6 = 2e±, 
so for these characters, k + 1 = (A, 6) = A 1 (note that ||£i|| 2 = |). We expand the Sp (2r) 
Jacobi- Trudy identity, Eqn. (|A.4|) . down the first column. Noting that H m = Xm\ X i this 
shows that the generating characters can be expressed as Z \xi, ■ ■ ■ , Xr]Tinear combinations 
of the r elements H k+1 and H k+1+i + H k+ i_i (i — 1, . . . , r — 1). Here, the H m are complete 
symmetric polynomials in the qi and their inverses. It is obvious that these elements belong 
to J|, hence 

3k = (x(fc+i)Ai, X(fc+i+i)Ai + X(fc+i-*)Ai : i = 1, • • • , r - l) . (3.4) 
Applying the method of l's to these elements gives an alternative set of generators: 

Jfe = (XfeAi+A*: z = l,...,r). 

Deriving a potential from these generators is somewhat more cumbersome than before. 
For this purpose, we use the set of generators 



/] Hk+h v -i-2£ 



i = 1 r 



which is easily derived from those given above. From Eqn. ()3.3|) and the expressions for E n 
in terms of the \j [27], we compute that 

q r—i r—i r—j 

( — 1) o Hk+h^-i-2£ — ( — 1) +J H n H k+h v _ n _ i _j_ 2 ( m+m ,^ 

£=0 n m=0m'=0 

which is symmetric in i and j (indeed, this symmetry is what suggests the above generating 
set, as it leads to a closed 1-form). These generators may therefore be integrated to a po- 
tential, and the derivation may be completed using generating functions as in the SU (r + 1) 
case. In this way, we recover Eqn. (|2.5J) and therefore the fusion potential, Eqn. ()2.2j) . 

4. Presentations for Spin (2r + 1) 

We now apply the techniques of Section 13.11 to the fusion rings of the Wess-Zumino- 
Witten models over Spin (2r + 1). We are not aware of any concise, representation-theoretic 
presentations of these rings (nor of the corresponding algebras) in the literature 5 . We will 
see that the appropriate Jacobi- Trudy identities may be employed to substantially simplify 



5 In the course of preparing this section, we were made aware of a conjecture regarding the presentations of the 
fusion ideals of the Spin (2r + 1) (and Spin (2r)) Wess-Zumino-Witten models [31]. This elegant conjecture 
amounts to the statement that the fusion ideal at level k is the radical of the ideal generated by the X{k+i)Ai > 
for i = 1, 2, . . . ,h — 1. This is a generalisation of the SU (r + 1) result, Eqn. 13. 211 . It is further conjectured 
that the radical of this ideal is generated by the above characters and XfcAi+A r (XfcAi+A r _i is also needed for 
Spin(2r)). 
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the presentations given by Proposition 01 though the simplification turns out to be not quite 
so drastic as that found for SU (r + 1) and Sp (2r). In particular, it seems rather doubtful 
that the presentations obtained are related to potentials. 

Recall from Section 13.11 that we can derive a generating set for the fusion ideal Jf by 
computing the atomic monomials of the set {xi 1 ' ' ' Xr r '■ (A, 0) > A;}. As shown there for 
G2, this computation depends upon the comarks d( , which for Spin (2r + 1) are 1 for i — 1, r, 
and 2 otherwise (we will only consider r > 2). The atomic monomials therefore correspond 
to the weights 

fcodd: {A: (A,0) = k + 1} 

k even : {A: (A, 9) = k + 1} U {A : (A, 9) = k + 2 and \ x = A r = 0} . 

Finding elements of whose leading terms are these monomials is easy, and we deduce from 
Proposition El that the fusion ring is generated by: 

k odd : { X x- (X,9) = k + 1} 

(4.1) 

k even : { X x : (A, 9) = k + 1} U {xx + Xx-e ■ (A, 9) = k + 2 and Ai = A r = 0} . 

We note that if A2 = 0, xx-e = 0. 

In order to reduce the size of this generating set, we again turn to the appropriate Jacobi- 
Trudy identities. As noted in Appendix IA.31 these identities distinguish between tensor 
and spinor representations (whose highest weight A has A r even and odd, respectively). We 
consider first the tensor representations. The appropriate Jacobi- Trudy identity, Eqn. (|A.7j) . 
gives the irreducible characters as a determinant of an r x r matrix: 



Xx 



Hx 1 — H x i-2 H X 2-\ — H X 2-3 ■ ■ ■ H X r + i- r — H X r_l_ r 

H x i +1 — H x i_ 3 H X 2 — H X 2__ A ■ ■ ■ H X r +2 -r — H X t_2- t 



(4.2) 



H X i +r -l — H X l- r -l H X 2 +r _ 2 — H X 2_ T .^2 • • ■ H X r — H X r_ 2r 

Here, A J denotes the components of A with respect to the usual orthonormal basis Ej of the 
weight space, and H m denotes the m th complete symmetric polynomial in the = exp (e$), 
their inverses, and 1. 

How this treatment differs from the analysis of Section 13 .2\ and is thereby significantly 
complicated, is that 9 = e\ + £2, so (A, 9) — Ai + A2. It follows that the elements in any 
single column of the Jacobi- Trudy determinant of a character xx with (A, 9) — k + 1 will not 
generally belong to the fusion ideal, so expanding the determinant down a single column is 
pointless. Instead, we notice that the top-left 2x2 sub determinant is the character xx 1 e 1 +x 2 e 2 i 
and that (A, 9) — k + 1 implies that this sub determinant is in J|. 
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This observation suggests that we must expand Eqn. (J4.2)) down the first two columns. In 
this way, \\ is expressed as a Z \xi, ■ ■ ■ , Xr]Tinear combination of the 2x2 determinants 



H\i+ m . 2 -l — H\i_ m2 _i H\2 +rri2 _ 2 — HxZ-rn 2 -2 

Here, 1 ^ mi < m<i ^ r counts the choices of rows used in these subdeterminants. We 
have already noted that ipi 2 (A 1 , A 2 ) G Jf when A 1 + A 2 = k + 1, so it is natural to enquire if 
the same is true for general mi and m 2 . 

To investigate this, we need to digress a little in order to derive a more amenable form for 
the ipu (A 1 , A 2 ) (Eqn. ()4.4|) below). This derivation is an exercise in manipulating generating 
functions. Introducing parameters t\ and we compute 

£ Vw 2 (A 1 , A 2 ) tftf = £ H»t? H ^2 - *T 

Denoting the determinant on the right by A mim2 , we form the generating function 



h X 2 \ + j-mi _ + j+m,i\ 2 

Uj=l ' 



(4.3) 



EA 7 mi - 
^T-mim 2 ^l ' 



,1112 



mi ,m2=0 



(<r-<n 



;i -t s zi) (l-t-'z.) 



Applying Eqn. ()A.2|) to this determinant gives 



A mi rn 2 z T 1 z™ 2 ~ (l ~~ ^i) (^2 — ^2) 

mi ,m2=0 



-ly'- 1 ^2 



n (1-^) 



-A 



12 



z 2 2:5 s + Z\ 
z\ z\ + Z 2 



n 



/J ^m t *l \ *2, ^2 X ) Z T 



.mj£Z 



th 



where we recognise A 12 = (1 — t 2 ) (1 — t 2 ) (1 — M2) (l — £j ^2)- Here, h m denotes the m 
complete symmetric polynomial in the ij and their inverses (to be distinguished from the 
H m ). 

It follows that A12 is a factor of A mim2 : 



A, 



A 



12 



hm,2—2 h"m2 — l ^m2- 3 
^mi-1 "I - ^"mi-3 



Fascinatingly, if we set t,- = exp (r/j), where 7/j denotes the usual orthogonal basis vectors for 
the weight space of Sp (4), then comparing with Eqn. (|A.4|) gives 

^4* 



'" L "'- - v Sp< - 4 ^ 

A(m 2 — 2)771+^1-1)772' 



.4 
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This rather unexpected relation turns out to be extremely useful. For example, we can 
substitute it back into Eqn. (|4.Hjl to recover an expression for the original determinants: 

<A™ (A 1 , A 2 ) = £ X^tli*-^- ( 4 - 4 ) 

Here, the sum is over the weights /i = fj}rji + \J?r\2 of the irreducible Sp (4)-module of highest 
weight (777.2 — 2) rji + (mi — 1) 772- 

Recall that the fusion ideal is generated by the characters xx with (A, 9) = k + 1 and, if fc 
is even, by the same set augmented by the Xx + Xx-e with (A, 9) = k + 2 and Ai = A r = 0. We 
have seen that when the characters correspond to tensor representations, the generators of 
the first type may be expressed as a Z [xi, ■ ■ ■ , Xr]-linear combination of the ip mi m 2 (A 1 , A 2 ), 
with A 1 + A 2 = k + 1. Since 9 = e\ + 62, it follows that the Jacobi- Trudy determinant for xx 
and Xx-e will be identical in columns 3, . . . , r. Therefore, the generators of the second type 
(which always correspond to tensor representations) may be expressed as a Z [xi, ■ ■ ■ , Xr]~ 
linear combination of the ip mim2 (A 1 , \ 2 )+ip mi m 2 (A 1 — 1, A 2 — 1), with A : +A 2 = k+2. Indeed, 
Xi = implies that A 1 = A 2 , so the generators of the second type can all be expressed in 
terms of the elements tp mi m 2 (| + 1, | + l) + VVm 2 (!> f ) • 

Consider now a single Spin (2r + l)-character in the sum of Eqn. (j4.4j) . labelled by the 
weight (A 1 — /i 1 ) E\ + (A 2 — /1 2 ) 62, with A 1 + A 2 = k + 1. We can pair it with the character 
labelled by the weight (A 1 + jj 2 ) e\ + (A 2 + /i 1 )^, its image under the fundamental affine 
Weyl reflection wo- If this character is also (always) in the sum, then we can conclude that 
the right-hand-side of Eqn. (jOjl belongs to Jf , that is 4> mi m 2 (A 1 , A 2 ) G Jf . 

But this follows immediately from the fact that the transformation 

-/iV - n 2 rj 2 1 — ► /iV + /i 1 ?72 

is precisely the action of the Sp (4)- Weyl reflection about the (short) root r/i + r/2- Since the 
sum in Eqn. ()4.4j) is over the weights of an Sp (4)-representation, which is invariant under 
this (indeed any) Sp (4)- Weyl reflection, it is clear that ip mim2 (A 1 , A 2 ) G (when A 1 + A 2 = 
k + 1). More generally, an almost identical argument shows that ip m im 2 (I + 1> f + l) + 
i J m 1 m 2 (§, |) £ • It follows that the generators of Uf that correspond to tensor representa- 
tions can be replaced by 

A x + A 2 = + 
if k is even, 



1pm l m 2 (A , A ) , 

k k \ (k k 

and ^ mi m 2 ( 2 + X ' 2 + 1 J + ^ mim2 V 2 ' 2 



where 1 ^ mi < m 2 ^ r. 
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The story for the spinor representations (A- 7 half-integral) is much the same. Using the 
appropriate Jacobi- Trudy identity, Eqn. (|A.6j) . we find that the \\ are ^ [Xu ■ ■ ■ > Xr]-linear 
combinations of the subdeterminants 

y?mim 2 (A 1 , A 2 ) = Xr 

Constructing generating functions as before, one can prove that 

Vmm (A 1 , A 2 ) = £ x^l >1+{ ^_ i)n+A , (4.5) 

v 

where this sum is over the weights v = v 1 ^ + v 2 C,2 of the irreducible Spin (5)-module of 
highest weight {m 2 — 2) d + (vn\ — 1) ( 2 (and the Q are the usual orthonormal basis vectors 
for this weight space). As before, it now follows quickly from the fact that d + £ 2 is a root 
of Spin (5) that tp mim2 (A 1 , A 2 ) e Jf. 

These manipulations for the tensor and spinor representations finally prove that the fusion 
ideal has the following generators: 

k odd : t k = (i/) mima (A 1 , A 2 ) , Vmim2 (A 1 , A 2 ) : A 1 + A 2 = k + 1, 1 ^ mi < w 2 < r), 

k even : t k = (^ mi m 2 (A 1 , A 2 ) , ^ mim2 (§ + 1, f + l) + ip mini2 (§, f ) , <^ mim2 (A 1 , A 2 ) (4.6) 

: A 1 + A 2 = k + 1, 1 < m 1 < m 2 < r^. 

Since A 1 ^ A 2 are integers and half-integers in the ip mi m, 2 an d ^p mi m 2 respectively, it follows 
that the number of generators in this set is of the order of k uj • This compares favourably 
with the set of generators given in Eqn. (|4.1|) . whose number is of the order k r ~ l , though 
perhaps not with the expectation that we could reduce the number of generators to r. Finally, 
we note that other sets of generators can be deduced from this one, in particular by using 
the method of l's. We leave this as an exercise for the enthusiastic reader. 

5. Discussion and Conclusions 

In this paper we have attempted to give a complete account of our understanding regarding 
explicit, representation-theoretic presentations of the fusion rings and algebras associated to 
the Wess-Zumino-Witten models over the compact, connected, simply-connected (simple) Lie 
groups. We have discussed presentations in terms of fusion potentials, and have provided 
complete proofs of the fact that there are explicitly known potentials which correctly describe 
the fusion algebras of the models over SU (r + 1) and Sp(2r). These potentials appear to 
have been guessed in an educated manner. We hope that our proofs will complement what 
has already appeared in the literature, and will be useful for subsequent studies. We have 



-mi ■ 



H\i_, 



m\ - 
m 2 - 



H 
H 



A 2 +mi- 
A 2 +m 2 - 



-^A 2 - mi -| 



B-H 

2 



A 2 -m 2 -f 
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also proven that the fusion algebras of the other groups cannot be described by potentials 
analogous to those known, which explains why attempts to guess these potentials have not 
been successful. 

We recalled that it is the fusion ring, rather than the fusion algebra, which is of physical 
interest in applications. Despite the fact that the fusion ring is torsion-free, we noted that 
a presentation for the fusion algebra need not give a presentation of the fusion ring. To 
overcome this, we have stated and proved a fairly elementary result (Proposition |3J) giving 
an explicit presentation (that is easily constructed) of the fusion ring in all cases. We believe 
that this is the first time such a presentation has been formulated. It is in terms of (linear 
combinations) of irreducible characters, and so should be regarded as representation-theoretic 
in the strongest possible sense. 

These general presentations have one rather obvious disadvantage in that the number of 
characters appearing is quite large. Whilst easy to write down, these presentations neverthe- 
less contain quite a bit of complexity. However, we have seen that it is sometimes possible to 
express the relevant characters in terms of simpler characters, and so reduce the number of 
characters that appear. In particular, we have used the well-known determinantal identities 
for the characters of SU (r + 1) and Sp (2r) to derive the fusion potentials from first prin- 
ciples. An important corollary to our results is then that these fusion potentials correctly 
describe the fusion rings of the SU (r + 1) and Sp (2r) models. 

We then extended this result to the Spin (2r + 1) models. The corresponding determinan- 
tal identities for the characters did not lead to as nice a simplification as before, in particular 
we did not end up with a potential description, but the result, Eqn. ()4.6|) . is still relatively 
concise. To the best of our knowledge, this is the first rigorous representation-theoretic pre- 
sentation of the fusion ideal (over C or Z) for these Wess-Zumino-Witten models. Nonethe- 
less, this presentation is not as concise as we would like for the concrete applications we 
have in mind. Certainly, for our motivating application to D-brane charge groups, our result 
allows us to write down an explicit form for this group 6 . However, we have been unable to 
substantially simplify this formula, so as to rigorously prove the result conjectured in [10]. 
We have checked that this result is numerically consistent (to high level) with the generators 
presented here. 

We expect that this result can also be extended to the Spin (2r) models. However, we 
have not done so for two reasons. First, as mentioned in Appendix IA.41 the derivation of 
the appropriate determinantal identities requires a slightly more general approach than what 

6 The charge group has the form 1?^ 2 [32] , and we can determine x to be the greatest common divisor of the 
integers obtained by evaluating the fusion ideal generators at the origin of the weight space. With respect 
to Eqn. H4.6J) . this amounts to replacing the complete symmetric polynomials H m (jj, 1, q~ x ) by ( m ^, 2r ) (and 
then finding the greatest common divisor). 
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we have been using. It follows that the methods we applied in analysing the Spin (2r + 1) 
case will require an analagous generalisation. However, we believe that this generalisation 
should follow easily from the methods used in [27]. Our second reason in that as with the 
Spin (2r + 1) case, we do not expect to get as simple a presentation as we would like. We 
feel that the root of this is the observation that determinants are not particularly well- 
suited to computations when the Weyl group is not a symmetric group. A far more elegant 
approach would be to generalise the algebra of determinants to the other Weyl groups, and 
then derive "generalised determinantal identities" for the Lie group characters in terms of 
Weyl-symmetric polynomials. It would be very interesting to see if such an approach can be 
constructed (if it has not already been), and we envisage that it may lead to more satisfactory 
fusion ring presentations. We hope to return to this in the future. 
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In this section, some formulae are presented, expressing the irreducible characters of the 
classical groups in terms of determinants of matrices whose entries are relatively simple 
characters. These formulae, which we will call Jacobi-Trudy identities are well-known for 
the groups SU (r + 1), Sp (2r), SO (2r + 1), and (2r), and may be found in [25, 27]. We 
are not aware of a reference for the corresponding formulae for the spinor representations 
of Spin (2r + 1) or Spin (2r), nor for the tensor representations of the latter which are not 
restrictions of (2r) representations. We therefore indicate how Jacobi-Trudy identities for 
these cases may be derived, following the "transcendental" method of Weyl. 

The transcendental method relies on Weyl's character formula [25]: 



Acknowledgements 



Appendix A. Determinantal Identities of Jacobi-Trudy Type 



Xx = 




where A\ = det w e 



and an identity of Cauchy [27]: 
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Here, la. 



denotes the determinant of the k x k matrix with entries a,-,-. An alternative 



form of Cauchy's identity is obtained by replacing yj by y, and multiplying through: 



x 



k-j 



.\k 



\i,j=l 



i—l \ K 

'h U,j=i 



We will often apply this in the form 

k 



[1 - g.t,) (1 - qrH,) 



ik» 



A: 



/.-IN*- 1 + fc 



obtained by putting £j = % + <?j 1 and = tj + 1 



-l 



(A.2) 



A.l. SU (r + 1). The Weyl group is S r+ i, acting as permutations on the weights e« of the 
defining representation. We put qi = e £i , so q\ ■ ■ ■ q r+ i = 1, and write A = Yli=i ^ l£ ii with 
y+i _ g particular, p> = r + 1 — j). Then, A 1 ^ A 2 ^ . . . ^ A r+1 = are all integers, 
and 



Ay 



r+l 



We would like to emphasise that the A J are to be distinguished from the Dynkin labels, 
which we denote by Xj. 

We form a generating function and apply Cauchy's identity, Eqn. ()A.1|) : 



A\ti ■ ■ ■ t* +1 



A 1 ,...,A r + 1 =0 



E <A V 



-r+l 






1 




1 - gitj 







r+l 



A^=0 
I/+HI Ur+l-i| 

hi 

We recognise A p in the numerator, and expand the denominator in terms of complete sym- 
metric polynomials H m (q) in the Oj. We then get 



A 1 ,...,A r + 1 =0 



EA\ \1 \r + l 



r+l— i 
3 



n 



Bringing the symmetric polynomials into the determinant, changing the summation variables 
so that the power of tj is A J + p> , and then bringing the tj out of the determinant finally 
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gives the original Jacobi- Trudy identity: 

Xx=\H x j +i ^(q)\^. 1 =1 . (A.3) 
Note that applying this formula to A = mAi = me\ gives H m (q) = XmAi- 



A. 2. Sp (2r). This time the Weyl group is S r k ZJJ, acting on the weights ±£j of the defining 
representation by permutation (S r ) and sign flips (each Z 2 negates one of the £j whilst leaving 
the others invariant). With A = £\ ^ %e ii so p- 7 = r + 1 — j, we find 



Ay 



A-' 



Here, A 1 ^ A 2 ^ . . . ^ A r ^ are all integers. What follows is very similar to Appendix IA.1| 
so the details are left to the reader. The generating function this time gives the left-hand- 
side of Eqn. (|A.2jl . up to a product Yl i (qi — q^ 1 ). After applying the alternative form of 
Cauchy's identity, this product combines with the g-determinant so obtained to give A p . 
From there, the story is as before, and we find that 



H 



H xj+i ; (q, q- 1 ) + H. 



-j (q, q 



(A.4) 



In this equation, the top entry of the matrix should be understood to describe the elements 
of row i = and the bottom entry describes the rows % > 1. The complete symmetric 
functions are in the g« and their inverses. Note that H m (q, g -1 ) = XmAi- 



A.3. Spin (2r + 1). The Weyl group is again S r x acting on the non-zero weights ±£j of 
the defining representation as in the Sp (2r) case. Therefore, we again find that 



Ay 



X' 



Qi 



where A = A l £j, and A 1 ^ A 2 ^ . . . ^ A r ^ 0. In contrast to the Sp (2r) case, the A* can 
either be all integers (corresponding to a representation of SO (2r + 1), also called a tensor 



representation) or all half-integers (a spinor representation). Indeed, p> 



r + 



J- 



If we form a generating function with X 3 integral, Eqn. (jA.2|) gives 



(tj+tj 1 ) 1 - 1 ^ { qi + qi l ) 



-l\r-j 



Ai...,A r =0 



n(i-^)(i-c%) 
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Recognising that A p factors as Yli ( Q% ~ Q 
gives 



-l\r-J 



, and proceeding as usual 



Xx 



n 



1/2 -1/2 

Qi +Qi 



H 



-i-\ 



H 



(9, 9 



9 



-i> 



(A.5) 



Note that because the p> are half-integers, this describes the characters of the spinor represen- 

i— r / 1/2 — 1/2\ 

tations. Note also that Xr = XK = EL ( Qi + Qi )• Finally, as the defining representation 
has a zero weight, it may be more convenient to express this result in terms of the complete 
symmetric polynomials in the q^, their inverses, and 1. This gives the Jacobi- Trudy identity 
for the spinor representations of Spin (2r + 1): 



Xx = Xr 



H 



X>-\+i-j 



(q^q- l )-H. 



X*+£-i-i 



M, Q~ X ) 



(A.6) 



Forming the generating function with V half-integral then gives the Spin (2r + 1) Jacobi- 
Trudy identity for the tensor representations. The manipulations are straightforward, and 
give 



Xx 



\H X3+l ^ (q, 1, q- 1 ) - H X3 _^ (q, 1, q' 1 ) \ r .. =1 . (A.7) 

Note that XmAr = H m (q, l,q- r )-H m _ 2 (q, l,?^ 1 ), so H m (q, = XmK 1 +X{m-2)k 1 + ■ ■ ■■ 

Finally, if we compare Eqn. (jA.5|) with Eqn. (jA.4|) . we find that we have established a 
strange relationship between the characters of the spinor representations of Spin (2r + 1) 
and those of Sp(2r). This is perhaps best written in the following form, where A labels a 
tensor representation: 



Spin(2r+1) 



Spin(2r+1) Sp(2r) 

Xi\ r X\ 



(Of course, this has to be interpreted appropriately.) Evaluating the characters at to get 
the dimensions of the corresponding representations gives an identity of [33] . Interestingly, 
it is claimed there that this identity cannot hold at the level of characters. 

A. 4. Spin (2r). The Weyl group is S r x Z^ -1 , acting on the weights ±£j of the defining repre- 
sentation as in the Sp (2r) case, except that the ZJJ -1 factor corresponds to transformations 
where an even number of the £j are negated and the rest are left invariant. Therefore, 

\i -A, 



2Ay 



r + q; X] 



+ 



Qi 



Qi 



(A.8) 



where A = J2i^ l£ ii an d A 1 ^ A 2 ^ . . . ^ A r_1 ^ |A r |. As in the previous case, we have 
tensor representations (A 1 G Z) and spinor representations (A ! G Z + |). A non-trivial 
Dynkin diagram symmetry (for r > 4 this is the only such symmetry) acts via A r — > — A r , 
so representations with A r = will be referred to as symmetric 7 . Symmetric representations 



7 For r odd, this symmetry is conjugation, so symmetric coincides with self-conjugate. However, for r even, 
the conjugation automorphism is trivial. 
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correspond to representations of 0(2r), and it is clear that for these representations, the 
second term in the above formula for A\ vanishes. Note that fP = r — j defines a symmetric 
(tensor) representation: 

1 



A, 



r—j i — (r— j) 

Qi +Qi 



(ft + Q^) 



-l\r-J 



Since p is tensor, forming a generating function with each X> half-integral and positive 
gives an identity for spinor representations. The derivation of this identity should by now 
be an easy exercise for the reader. It is: 



+nu /2 -* i/2 



H xj i +i , (q,q X ) + H X]+1 ^ (q,q x ) 



Setting all A* = \ gives 2;\>-i = EL (%^ 2 + % ^ 2 ) + 1~L (qI^ ~~ Qi ^ 2 )- As we assumed 
X 1 ^ | when computing the generating function, this formula cannot be applied to Xr 
directly. Instead, it is determined from Xr-i by applying the Dynkin symmetry q r — ► g.^ 1 
(this symmetry has the effect of changing the sign of the second term in the above equation). 
Thus, 2xr = Yli (q^ 2 + Qi 1/2 ^ - EL {oi /2 ~ Q^Ji leading to the Spin (2r) Jacobi- Trudy 
identity for spinor representations: 



Xx 



q (Xr-l + Xr 



1 



(q,q- l )-H> 



± ^ (Xr-i - Xr) #1^1 ih_j (g, g x ) + (?> 9 x ) 



(A.9) 



The ± appearing here reflects the sign of A r . Of course, the absolute values appearing in 
| A- 7 1 are only necessary for j = r. 

The corresponding derivation for tensor representations is somewhat unique in that Weyl's 
transcendental method does not seem to be directly applicable to the first term in Eqn. (JA.8J) . 
Instead, we have to resort to the algebraic method (see [27]). Weyl's method has no problem 
with the second term, so this hybrid gives the Spin (2r) Jacobi- Trudy identity for tensor 
representations: 



Xx 



\H X j+i-j (q, q X ) - Hxj-i-j (q, q x ) 



\i,j=l 



H\ X j\ + i-j (q, q l )~ {q, q 1 



H [xU - Xl) 



I T 

U,i=i 



1-3 KHi 

H\\i\-j (q,q~ 

H\\j\-i+i-j (q, q^ 1 ) + H\\i\+i-i-j (q, q~ l ) 



if A r = 0, 



if A r ^ 0. 



(A.10) 
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Again, the ± reflects the sign of A r and correlates with the application of the Dynkin 
symmetry q r — > q~ x . Note that XmAi = H m (q,q~ 1 ) — H m ^ 2 (q, q^ 1 )- We also note that 

2 2 

Xt* — 1 Xr %2A r _i X2A r ■ 

A. 5. Further Remarks. Comparing these Spin (2r) identities to those derived for the other 
groups, we note two novelties. One is the fact that two determinants are generally required, 
and the second is that explicit factors of | appear (in spite of the fact that the right hand 
side must be a polynomial in the fundamental characters with integral coefficients). These 
novelties are direct consequences of the form of Eqn. (jA.8|) . which itself reflects the increasing 
complexity of the Weyl group of Spin (2r), as compared to the cases already treated. Roughly 
speaking, the Weyl group is sufficiently "non-symmetric" (where "symmetric" refers to the 
symmetric group) that the use of determinants in Weyl's transcendental method, in partic- 
ular applying Cauchy's identity (Eqns. (jA.l|) and ()A.2j) ). leads to annoyingly complicated 
Jacobi-Trudy identities. 

The Weyl groups of the exceptional groups are even less "symmetric", and so we expect 
that the above methods used to derive Jacobi-Trudy identities will be next to useless in these 
cases. Indeed, the simplest exceptional group G 2 has the dihedral group of order 12 for its 
Weyl group: W = D12 = Z2 x S3. Naively proceeding with Weyl's transcendental method 
leads to the evaluation of an unpleasant quotient. Forcing the evaluation with the aid of 
a computer suggests that the corresponding Jacobi-Trudy identity may require as many as 
sixty determinants! 

The appropriate course of action seems therefore clear. Rather than try to force deter- 
minants unnaturally upon a Weyl group in order to apply Cauchy's identity, we should 
instead try to generalise Cauchy's identity in such a way that it applies to Weyl's alternants 
A\ = E we w det w eW{X) directly We are not aware of any such generalisation, but given the 
magic of Weyl groups, we would not be surprised if such a generalisation could be found. 
We speculate that such a finding may lead to simple and useful identities of Jacobi-Trudy 
type for all simple Lie groups. 
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